Introduction
The coexistence of superconductivity and other states of matter arising, in particular, owing to the reconstruction of the Fermi surface (FS) sections by various instabilities has been observed in plenty of materials. Those phenomena are of interest due to both theoretical and practical reasons [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . This issue is extremely significant for high-T c oxides (oxides with a high critical temperature of the superconducting transition) because of the role played by spin density waves (SDWs) and, especially, charge density waves (CDWs), which lead to a conspicuous T c reduction [10, [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . The very existence of CDWs in various cuprates (contrary to the case of SDWs) has been considered for a long time as tentative, but now this is a well-established fact due to a large body of experiments, including direct scanning-tunnel-microscopy (STM) and x-ray diffraction one, for a number of high-T c oxides. Among those, the most popular are hole-doped La 1.875 Ba 0.125 CuO 4 [29] , YBa 2 Cu 3 O 7 δ − [13, [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] , and Bi 2 Sr 2 CaCu 2 O 8 δ + cuprates [13, 36, 39, 40] , as well as electron-doped Nd 2−x Ce x CuO 4 one [41] . The observations demonstrate either a unidirectional (stripe) or a bidirectional (checkerboard) configuration of two-dimensional CDWs (or even three-dimensional ones [38, 42] ). Their attribution [43, 44] and mutual interplay are also a hot issue [45] [46] [47] . The violation of the C 4 symmetry and the emergence of the C 2 (nematic or smectic) charge order in cuprates compose a very interesting topic, which is intensively studied concerning not only cuprates but also other materials [37, [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] .
A real problem consists in the 'soft' character of CDW manifestations, which is a result of the short-range or fluctuation-like CDW appearance and the crucial role of the intrinsic disorder in cuprates [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] . All those factors lead to wide distributions of the apparent energy gap values successfully felt by tunnel spectroscopy [68, [77] [78] [79] [80] [81] [82] [83] [84] . It was also found that the spread of normal-state gaps (pseudogaps, which we identify as CDW-related gaps) is wider than that of their superconducting counterparts [85] . Therefore, all mean-field-like theories of CDWs in superconductors, whatever their details, should be, strictly speaking, complemented with a proper account of the disorder and fluctuation effects in order to reproduce subtle observed features attributed to CDWs (including pseudogaps, which are most probably just another incarnation of CDW gaps [1-3, 14, 86] ).
In this connection, quasiparticle currents J in tunnel junctions and conductance spectra
, where V is the bias voltage, are of special interest, because they reveal both superconducting and CDW-related gaps. Hence, we have made calculations of G(V) in the symmetric (mesas) and nonsymmetric (STM) set-ups for superconducting electrodes made of superconductors with the d-wave symmetry of the superconducting order parameter and partially gapped by CDWs [87] . The charge ordering was considered in the meanfield approximation, and the calculations of the d-wave superconducting, ∆, and dielectric (CDW), Σ, order parameters were carried out self-consistently [88] , our approach being a generalization of the Bilbro-McMillan one [20, 89] 
in the two-dimensional momentum space. Here, k is the wave vector and T is the temperature.
However, since so far only the fixed-gap-value case was considered [87] , we did not take into account the intrinsic actual spread of the gap magnitude distributions in cuprates indicated above. In this article, we analysed this circumstance numerically. The necessity of taking into account the statistical scatter of CDW-gap values to fit the quasiparticle tunnel characteristic G(V) was understood earlier for partiallygapped CDW conductors other than cuprates [90, 91] .
Both checkerboard and unidirectional CDWs were treated theoretically, the results being qualitatively similar but quantitatively different. We note that the problem of the actual superconducting order parameter symmetry in cuprates remains unsolved [92, 93] , so that the phase-insensitive quasiparticle current-voltage characteristics might serve only as an indirect, although important, evidence. On the contrary, the inplane Josephson tunnelling may not only reveal a true nature of the superconducting order parameter symmetry, but also find the features related to charge-order FS gapping [94] .
Theoretical description

Basic equations
For d-wave superconductors with CDWs, we adopt the theoretical model suggested earlier [3, 88, 94, 95] . This model, in agreement with the large body of experimental data for cuprates, treats the superconducting order parameter as a Bardeen-Cooper-Schrieffer-like (BCS-like) d x y 2 2 − one, whereas the CDW order parameter is considered as the s-wave one distorting only certain sections of the FS below the critical temperature T s , which is, as a rule, substantially higher than T c . This distorted part of the FS may comprise N = 4 (bidirectional CDWs) or 2 (unidirectional CDWs) sectors symmetrically arranged in the k-space (figure 1). The emergence of those two variants in cuprates testifies (along with other evidence [3, 14, 96] ) that CDWs and superconductivity are of different origins and the CDW (electron-hole) pairing in high-T c oxides most probably has the s-wave symmetry, rather than the d-wave one assumed in other approaches [58, [97] [98] [99] [100] .
The mean-field Hamiltonian has the form
where
is the initial quasiparticle spectrum; the d-wave superconducting momentum-dependent order parameter, k ( ) ∆ , and the dielectric one, k ( ) Σ , are described below; a † and a are the creation and annihilation operators, respectively; σ is the quasiparticle spin projection, Q is the CDW vector, and the notations 'd'and 'nd' indicate the CDW-gapped and CDW-non-gapped FS sections, respectively (to distinguish from the superconducting gapping, we dub the CDW gapping as dielectrization).
In one of the parent-the partially dielectrized normal metal-state, the CDW complex order parameter T e 0 i ( ) Σ ϕ (here, ϕ is the CDW phase) is k-independent inside any of N CDW-gapped sectors, directed along the k x and k y axes ( figure 1) . Each of the sectors spans the angle 2α. In the adopted BCSlike theory [2, 20, 89] , the order parameter magnitude equals 
, where e 1.78 , [101] [102] [103] [104] , although the rela- [101, 102, 105, 106] . This fact has not been explained by the MigdalEliashberg-like strong-coupling corrections (more rigorously calculated for superconductors [107] ) to the CDW mean-field picture [108, 109] . Although our approach is phenomenological, in order to lean upon basic theoretical concepts, we will assume the weak-coupling s-wave BCS value π γ for CDWs. The angle θ in the two-dimensional k-plane is reckoned from the k x axis. The profile
, over the whole FS contains the factor f ( ) θ Σ , which is equal to 1 inside and 0 outside each sector. Then,
can be presented as follows
The other parent-BCS d x y 
with the angular factor
Here,
where [110] .
In our case, when CDWs and superconductivity coexist and compete (we call this state SCDW), the order parameter dependences T ( ) Σ and T ( ) ∆ differ from those appropriate to the pure phases, i.e.
, respectively [88, 96] . The resulting set of equations, which determines the order parameters T ( ) Σ and T ( ) ∆ for the given input model param-
-for brevity, they are denoted below as 0 ∆ and 0 Σ , respectively-α, and N) has the form obtained earlier [3, 87, 88, 96] . Those equations, which should be solved selfconsistently, are given below for completeness: Due to the order parameter interplay, the lowest of the parent critical temperatures, T c0 or T s0 , is suppressed by the competing pairing, so that the actual critical temperatures become T T c c0
< . As for high-T c oxides and other existing CDW superconductors, the observed superconducting critical temperatures are lower than their dielectric counterparts:
. Of course, in our calculations we can choose the ratio between the input parameters T c0 and T s0 arbitrary, so that the relationship between resulting T c and T s may vary over a wide range even to the point of the reentrance behaviour within a certain interval T T T 0 r s < < < [3, 88, 96] . We remind that our approach is a mean-field one, whereas a more complicated consideration, involving a certain preemptive CDW order, can ensure the actual (theoretical) inequality T T c s < , although the mean-field temperatures obey the opposite condition T T s c < [57] . In our case, 'mean-field' means 'actual', so that all the input parameters, including N, are phenomenological and should be reconciled with the experiment if one wants to calculate any derivatives, such as the quasiparticle current-voltage characteristics.
As a consequence of the order parameter intertwining, a combined gap of the mixed origin and no definite symmetry,
appears on the dielectrized (d) FS sections. At the same time, the 'pure superconducting' gap
nd exists on the nd ones. Using the angular factors f ( ) θ Σ and f ( ) θ ∆ , the resulting gap over the whole FS (the gap rose) can be written in the universal form
Quasiparticle current. Fixed order parameters
Here, we consider quasiparticle tunnelling along the c-axis, i.e. between the superconducting planes of two cuprate crystals suggested to be partially CDW-gapped d-wave SCDWs. Such configurations can be realized in mesas [15, 111] , twist-crystal structures made of bicrystals [112] , the artificial cross-whiskers [113] , or the natural cross-whiskers [114] . High-T c oxide break junctions can also be intentionally produced to ensure tunnelling along the c-axis [115] . The quasiparticle tunnel current J is a functional of the product G G 1 2 G G 1 2 [116] , where G i means the normal Green function of the ith d-wave SCDW electrode. We assume the strongly incoherent tunnelling in the c-direction between the electrodes, which is supported by the experimental evidence for the Josephson current [92] , as was discussed by us earlier for the situation when there is no distribution of gap values [87] .
Bearing all the aforesaid in mind, the formulas for the quasi particle tunnel current can be obtained in the conventional way [116, 117] , which was applied to the s-wave and d-wave SCDW cases and was described in more detail elsewhere [2, [118] [119] [120] [121] [122] . In line with the previous treatments, the phenomenological tunnel-Hamiltonian approach was adopted [123] . The ultimate formula to calculate CVCs for the quasiparticle incoherent tunnel current through a junction along the c-axis between the a-b facets of two SCDWs (the mesa-like set-up) looks like
the P-factors describe SCDW electrodes, and all the barrier properties were incorporated into the single constant R describing the junction resistance in the normal state. The latter parameter includes, in particular, modifications associated with the directionality of tunnelling, This can be done, because this factor is identical for all combinations of FS segments in the counter electrodes [87] . The primed quantities in equation (17) are associated with the electrode that the potential V is applied to (the V-electrode); its counter electrode will be referred to as 0-electrode. In particular, for the 0-electrode,
where x ( ) Θ is the Heaviside step-function, the CDW phase ϕ is usually pinned by the junction interface and acquires the values 0 or π (see discussion in [2, 3] ), and D T,( ) θ and T , ( ) θ Σ are the gap and CDW-order-parameter profiles on the Fermi surface described by formulas (14) and (16), respectively. For (19) has to be changed to eV ω − , and all other parameters but T have to be primed, i.e. associated with the V-electrode. The peculiar term in the brackets of equation (19) is generated by the electron-hole-pairing Green function G ib , which is dubbed 'normal' because it is proportional to the product c c l r † [124, 125] . However, this term can be also called 'anomalous', since it contains the CDW order parameter as a factor in the same way as the Gor'kov Green function F is proportional to the factor ∆, i.e. a superconducting order parameter parameter [116, 117] . Here, the subscripts l and r correspond to two different nested FS sections.
Account of disorder
The clear-cut d-wave superconducting coherent peaks obtained at some feature points of the CVC conductances G(V) calculated according to equation (17) are very strong [87] as compared to the experimental, more subtle dip-hump structures [126] [127] [128] [129] . A possible solution of this discrepancy consists in taking into account the existing spatial non-homogeneity of SCDWs [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] .
Formula (17) was obtained for the tunnel current between two uniform SCDW electrodes. The parameter set ( 0 ∆ , 0 Σ , α, and N) for the 0-electrode and the corresponding set for the V-one determine the dependences D T,(
′, respectively (see equation (19)), thus specifying the current value at a given voltage V. Although in this work we consider CVCs for symmetric tunnel junctions, this symmetricity turns out to be only nominal for the calculation procedure. We simulated the spatial inhomogeneity in each electrode as an independent statistical distribution of individual model parameters (except for N; for obvious reasons, this parameter was considered identical for both electrodes). In such a way, each electrode was represented as a statistical ensemble of domains with relevant 'parent' ( 0 ∆ , 0 Σ , α) and 'actual' (∆, Σ, α; see equations (10) and (11)) parameter sets. The total current was calculated as a weighted sum of cur rent cross-contributions between the electrode domains. In effect, almost every contribution was a current through a corresponding non-symmetric junction.
In the general case, the required averaging of the current J(V) (see equation (17) ) in the framework of the described model for the spatial electrode inhomogeneity would demand the calculation of a six-fold integral: one integration for each model parameter of each electrode. However, in accordance with the experimental data for Bi 2 Sr 2 CuO 6+x [85] , we suggest that the disorder can be modelled as a spread of only the parameter 0 Σ , which means that CDW-gap amplitudes Σ and Σ′ vary in space against the superconducting pairing strength effectively described by the identical parameter 0 ∆ in both electrodes (the junction is supposed to be nominally symmetric), which is selected as the reference value. Indeed, first of all, according to the self-consistent coupling between the 'actual' ∆ and Σ parameters expressed by the system of equations (10) and (11), the variation of either of them inevitably results in the variation of the other. Second, no precise information exists so far concerning the spread of the FS dielectrization degree in those objects. Hence, we selected this parameter in both electrodes fixed, identical (α α = ′), and close to available data. Those assumptions allowed us to analyse the spatial-inhomogeneity effect by varying only a single dimensionless model parameter 0 0 0
The calculations were carried out similarly to work [120] . However, as was explained above, the current J(V), which is now better to be rewritten in the form J V, , 
The non-normalized (this is a reason why the normalizing denominator Z appears in equation (20)) asymmetric bellshaped distribution weight function 
was selected to describe the inhomogeneous spatial distribution of the parameter 0 σ in both electrodes. In such a way, we left room for non-symmetric scatter of the parameter 0 σ , so that any wing of the distribution, δ ± , corresponding to smaller or larger deviations from the mean value can dominate. For instance, asymmetric pseudogap (CDW gap) distributions were found for overdoped [80] and underdoped [79] [82] . Strictly speaking, to make our results more illustrative, below we analyse the limiting distributions in which only one of the branches, i.e. (20) and (21) were calculated synchronously using the Monte Carlo method.
Hereafter, the temperature is considered to equal zero, so that the spatial averaging was carried out and analysed without any interference of the inevitable thermal smearing, which, nonetheless, becomes negligible for high-T c cuprates usually studied at T = 4.2 K. Only symmetric configurations were treated as the model of intrinsic tunnel junctions, realized, e.g. in mesas [127] [128] [129] [130] [131] [132] . A simpler case of non-symmetric junctions was investigated earlier [95] . It should be noted that the disorder intrinsic to cuprates and modelled here is, most probably, connected to the distribution of oxygen atoms [133, 134] .
At the same time, the intentional replacement of La by Eu in Bi 2 Sr 1.7 R 0.3 CuO 6 δ + ( R-Bi2201, R = La or Eu) [76] leads to an additional out-of-plane disorder, which substantially influences the checkerboard CDW ordering there. This effect, being very interesting per se, is not covered by our approach. On the other hand, the pseudogap features in the resistivity are the same in pristine Bi 2 [135] . Thus, the outof-plane disorder seems to be not so crucial for CDWs, which lead to pseudogaps according to our interpretation.
Results of calculations
In this section, we present the result obtained for the dimen-
, where v eV 0 / = ∆ is the dimensionless bias voltage and j eRJ 0 / = ∆ the dimensionless tunnel current, using the numerical procedure described in [87] .
Checkerboard structures
Let us start with the checkerboard CDW structures (N = 4) , where the crystal lattice symmetry is not lost below the di electric phase transition point. The evolution of CVCs driven by nonhomogeneous spatial distributions of the parameter 0 σ is shown in figure 2 for 20 α = , the peak value 1 0 σ = , and the varying lower, δ − , and upper, δ + , limits. Panels (a) and (c) describe the asymmetric distributions, whereas panel (b) corresponds to the symmetric one, when δ δ = − + . One sees that the disorder influences the CVC significantly for all kinds of distributions, but the overall appearance of the CVCs for the chosen parameter sets remains the same and is similar to that observed for Bi 2 Sr 2 CaCu 2 O 8 δ + [128, 130, 131] .
The main difference between the CVCs for ordered and dis ordered structures consists in the smearing of Σ-driven peculiarities. One should pay attention that, in this figure, as well as in figures below, the CVC in panel (b) cannot be obtained as a normalized sum of CVCs in panels (a) and (c). It is so because in the currents shown in panels (a) and (c), the contributions between the 'SCDW domains' with, e.g. Σ and 0 ∆ reflects the fact that pseudogaps appear in cuprates at temperatures far above the superconducting domes [14, 136] . The results of calculations are presented in figure 3 . It is readily seen that in this case superconductivity is substantially suppressed and survives only in a narrow vicinity near eV = 0. Of course, such patterns are possible, in principle, but were not found for examined cuprates.
Hence, we made calculations for 1.5 0 σ = , 4 α = and various disorder values. The results are shown in figure 4 . The CVCs seem to describe well experimental curves with an Ulike behaviour at small eV's and peak-dip-hump structures, which are found in tunnel measurements for a good many cuprates cuprates [126, [137] [138] [139] [140] .
Unidirectional CDWs
In high-T c oxides, there are many observations of the C 4 symmetry breaking, and the appearance of the nematic-or smecticlike CDW structures (stripes) [10, 22] . Hence, we made CVC calculations for N = 2 in the framework of the same approach. In figure 5 
Conclusions
In the model of partial electron spectrum gapping by CDWs, the quasiparticle tunnel currents along the c-axis between the conducting planes of two-dimensional d-wave superconductors have been considered. The intrinsic spatial disorder of the dielectric order parameter in the electrodes was taken into account. Both the checkerboard and stripe-like configurations of CDWs were examined. It was shown that the influence of disorder substantially smears the peculiarities of the tunnel conductance G(V). The calculated smoothed CVCs reproduce well the experimental results for Bi 2 Sr 2 CaCu 2 O 8 δ + with their extra large or small features attributed to pseudogaps (CDW gaps in our interpretation). The results can be applied to different cuprates with their CDW manifestations as well as to other layered conventional and unconventional superconductors [142] , such as dichalcogenides [143] [144] [145] [146] [147] .
For instance, CVCs for electron-doped oxides Nd 2−x Ce x CuO 4 [41] , in which a charge order was revealed by x-rays, should also be measured in order to find peculiarities at high eV's as a smoking gun of CDWs. At the same time, the superconducting order parameter in Nd 2−x Ce x CuO 4 may possess, as comes about from tunnel experiments [148] , the s-wave symmetry rather than the d-wave one assumed in our model. The same conclusion concerning Nd 2−x Ce x CuO 4 was made later on the basis of various experimental studies [149] . In this case, our previous theory of CVCs in CDW-gapped isotropic superconductors could be applied with necessary modifications specifying the form and number of CDW sectors in the momentum space [120, 122, 138] .
As for superconducting dichalcogenides, they remain a useful testing ground for various models of CDW formation [142, [150] [151] [152] [153] [154] . Nevertheless, one may hope that the phenomenological approach adopted here and going back to Bilbro and McMillan [89] (see also [155] [156] [157] ) will be useful whatever the microscopic background of the CDW state. Therefore, CVCs in the mixed state with the coexisting di electric and superconducting order parameters can be studied in the same manner as was described here taking into account the inhomogeneity effects smearing CVC peculiarities. The di electric gapping has specific features in various dichalcogenides. In particular, a node was observed in the CDW gap for 2 H-TaS 2 [143] , which may indicate a CDW-pairing symmetry different from the s-one appropriate to our model presented here and applied to cuprates. Hence, natural extensions of our approach may be needed to describe other CDW layered superconductors.
